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sitbject to the boundary conditions that we have discussed (excluding periodic and
singular cases):

l
o

Brt(e) + B (@)

¢

. (5.3.3)
Bsd(d) + B ) = O,

where (3 are real. In addition, to be called regular, the coefficients p,q, and o
must be real and continuous everywhere (including the end points) and p > 0 and
¢ > 0 everywhere (also including the endpoints). For the regular Sturm-Liouville
eigenvalue problem, many important general theorems exist. In Sec. 5.5 we will
prove these results, and in Secs. 5.7 and 5.8 we will develop some more interesting
examples that illustrate the significance of the general theorems.

Statement of theorems. At first let us just state (in one place} all the
theorems we will discuss more fully later (and in some cases prove). For any regular
Sturm-Liouville problem, all of the following theorems are valid:

1, Al the cigenvalues A are real.
9. 'There exist an infinite number of eigenvalues:
M <. <A <A <.
a. There is a smallest eigenvalue, usually denoted A;.
b. There is not a largest eigenvalue and A, — co as n — co.

3. Corresponding to each eigenvalue \,, there is an eigenfunction,
denoted ¢, (x) (which is unique to within an arbitrary multiplicative
constant). ¢, (z) has exactly n — 1 zeros for o < <b. \

4. ‘The eigenfunctions ¢, (z) form a “complete” set, meaning that
any piecewise smooth function f(z} can be represented by a generalized
Fourier series of the eigenfunctions: :

Cf@) ~ D andale).
1

ns=
Furthermore, this infinite series converges to [f(z+) + f(z—)}/2
for a < @ < b (if the coefficients a,, are properly chosen}.
5. FEigenfunctions belonging to different eigenvalues are orthogonal
relative to the weight function ¢(z). In other words,

b
Pn{z)pm(z)o(z) de =0 if An # Ame
6. Any eige:;v.raduei,2 can be related to its eigenfunction by the
Rayleigh quotient:
b
—po dp/dal, + [,lp(dd/dn)® — q¢”] da

f: ¢ dz
where the boundary conditions may somewhat simplify this expression.

A=

1
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It should be mentioned that for Sturm-Liouville eigenvalue problems that are not
“regular,” these theorems maybe valid. An example of this is illustrated in Secs. 7.7
and 7.8, '

5.3.3 Example and Illustration of Theorems

We will individually iHlustrate the meaning of these theorems (before proving many
of them in Sec. 5.5) by referring to the simplest example of a regular Sturm-Liouville
problem;

gfiﬁﬂq;s -0 :
$(L) = 0.

The constant-coefficient differential eguation has zero boundary conditions at both
ends.. As we already know, the eigenvalues and corresponding eigenfunctions are

: 2
An = (%’r) with  gn(e) = sinﬁg‘f, n=1,2,3,...,
giving rise to a Fourier sine series.

1. Real eigenvalues. Our theorem claims that all eigenvalues A of a regular
Sturm-Liouville problem are real. Thus, the eigenvalues of (5.3.4) should all be real.
We know that the eigenvalues are (nw/L)?,n = 1,2,.... However, in determining
this result (see Sec. 2.3.4) we analyzed three cases: A > 0,A =0, and A < 0. We did
not bother to look for complex eigenvalues because it is a relatively difficult task
and we would have obtained no additional eigenvalues other than (nw/L)?. This
theorem (see Sec 5.5 for its proof) is thus very useful. It guarantees that we do not
even have to consider A being complex.

2. Ordering of eigenvalues. There is an infinite tumber of eigenvalues for
(5.3.4), namely A = (nn/L)? for n = 1,2,3,.... Sometimes we use the notation
‘An = (nn/L)?. Note that there is a smallest eigenvalue, M = (7/L)? but no
largest eigenvalue since A, — o0 as n — co. Qur theorem claims that this idea is
valid for any regular Stuwrm-Liouville problem.

3. Zeros of eigenfunctions. For the eigenvatues of (5.3.4), A, = (n7/L)?, the
eigenfunctions are known to be sinnwz /L. We use the notation ¢,(z) = sinnwz/L.
The eigenfunction is unigue (to within an arbitrary multiplicative constant).

An important and interesting aspect of this theorem is that we claim that for all
regular Sturm-Liouville problems, the nth eigenfunction has exactly (n — 1) zeros,
not counting the endpoints. The eigenfunction ¢; corresponding to the smallest
eigenvalie {A;,n = 1) should have no zeros in the interior. The eigenfunction ¢
corresponding to the next smallest eigenvalue {(Ay,n = 2) should have exactly one
zero in the interior; and 'so on. We use our eigenvalue problem (5.3.4) to illustrate
these properties. The eigenfunctions ¢,(z) = sinnwz/L are sketched in Fig. 5.3.1
for n = 1,2, 3. Note that the theorem is verified (since we only count zeros at interior
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= 1:sinwz/L

z=0 =1L

n = 2:sin2nz/L

n = 3:sinduz/L

/N
NS

Figure 5.8.1 Zeros of eigenfunctions sin nwa/L.

points); sinwe/L has no zeros between z = 0 and & = L, sin2nz/L has one zero
between ¢ = 0 and z = L, and sin 372/ L has two zeros between ¢ = 0 and z = L.

4. Series of eigenfunctions. According to this theorem, the eigenfunctions
can always be used to represent any piecewise smooth function f(=),

f(:l,‘) ~ Zanﬁf’n(m)- (535)

Thus, for our example (5.3.4),

- [es)
. NI
flz) e~ Z @y 8in .

n=1

We recognize this as a Fourier sine series. We know that any piecewise smooth funec-
tion can be represented by a Fourier sine series and the infinite series converges to
[f(a+)+ flz—)}/2 for 0 < z < L. Tt converges to f(z) for 0 <z < L, if f{z) is con-
timious there. This theorem thus claims that the convergence properties of Fourier
sine series are valid for all series of eigenfunctions of any regular Sturm-Liouville
eigenvalue problem. Equation (5.3.5) is refereed to as an expansion of f (z) in terms
of the eigenfunctions ¢,(z) or, more simply, as an eigenfunction expansion. It is
also called a generalized Fourier series of f(z). The coefficients a, are called
the coefficients of the eigenfunction expansion or the generalized Fourier coefil-
cients. The fact that rather arbitrary functions may be represented in terms of an
infinite series of eigenfunctions will enable us to solve partial differential equations
by the method of separation of variables.
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5. Orthogonality of eigenfunctions. The preceding theorem enables a func-
tion to be represented by a series of eigenfunctions, (5.3.5). Here we will show how
to determine the generalized Fourier coefficients, a,. According to the important
theorem we are now deseribing, the eigenfunctions of any regular Sturm-Liouville
eigenvalue problem will always be orthogonal. The theorem states that a weight
o () must be introduced info the orthogonality relation:

b
/ (@) dm(@)o(@) dz =0, | I An % Am. (5.3.6)

Here o(x) is the possibly variable coefficient that multiplies the eigenvalue A in the
differential equation defining the eigenvalue problem. Since corresponding to each
eigenvalue there is only one eigenfunction, the statement “if A, # A" in (5.8.6)
may be replaced by “if n # m.” For the Fourier sine series example, the defining
differential equation is d*¢/dz* + A¢ = 0, and hence a comparison with the form
of the general Sturm-Liouville problem shows that a(’c) = 1, Thus, in this case
the weight is 1, and the orthogonality condition, fo sinnwa/Lsinmmre/Lds = 0,
follows if n # m, as we already know,

As with Fourier sine series, we use the orthogonality condition to determine
the generalized Fourier coefficients. In order to utilize the orthogonality condition
(5.3.6), we must multiply (5.3.5) by ¢ (z) and o(x). Thus,

f@dm(@)o(@) = D andu(@)dm(@)o(a),

n=1

where we assume these operations on infinite series are valid, and hence introduce
equal signs. Integrating from = = a to x = b ylelds

/ fz)dm(x)o(x) dz = Zanf gbn(m)qﬁm(m)a (z) da.

Since the eigenfunctions are orthogonal [with weight o(z)}, all the integrals on the
right-hand side vanish except when n reaches m:

b b
f f(2)om(z)olz) dz = amf @2 (z)o(x) da

The integral on the right is nonzero since the weight o(x) must be positive (from
the definition of a regular Sturm-Liouville problem), and hence we may divide by
it to determine the generalized Fourier coefficient ap:

] (@)dm(2)0(z) de
A = . (65.3.7)

/ 62 (2)o(z) do |
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In the example of a Fourier sine series, a = 0,5 = L, ¢, = sin nrz/L and o(z) = 1.
Thus, if we recall the known integral that fOL sin? narz/L dz = L[2, (5.3.7) reduces
to the well-known formula for the coefficients of the Fourier sine series. It is not
always possible to evaluate the integral in the denominator of {5.3.7) in a simple
way.

6. Rayleigh quotient. In Sec. 5.6 we will prove that the eigenvalue may be
related to its eigenfunction in the following way: :

b
v el + [ plddfds) — o] do
A= a ,
12 g% do

(5.3.8)

known as the Rayleigh quotient. The numerator contains integrated terms and
terms evaluated at the boundaries. Since the eigenfunctions cannot be determined
without knowing the eigenvalues, this expression is never used directly to determine
the eigenvalues. However, interesting and significant results can be obtained from
the Rayleigh quotient without solving the differential equation. Consider the Fourier
sine series example (5.3.4) that we have been analyzing: a = 0,b = L, plz) =
1,4(z) = 0, and o{z) = 1. Since ¢(0) = 0 and ¢(L) = 0, the Rayleigh quotient
implies that

i dg/dn)tde
B f: &2 dz )

Although this does not determine A since ¢ is unknown, it gives useful information.
Both the numerator and the denominator are > 0. Since ¢ cannot be identically
gero and be called an eigenfunction, the denominator cannot be zero. Thus, A > 0
follows from (5.3.9). Without solving the differential equation, we immediately
conclude that there cannot be any negative eigenvalues. When we first determined
eigenvalues for this problem, we worked rather hard to show that there were no
negative eigenvalues (see Sec. 2.3). Now we can simply apply the Rayleigh quotient
to eliminate the possibility of negative eigenvalues for this ezample. Sometimes, as
we shall see later, we can also show that A > ( in harder problems.

Furthermore, even the possibility of A = 0 can sometimes be analyzed using the
Rayleigh quotient. For the simple problem (5.3.4) with zero boundary conditions,
#(0) = 0 and ¢{L) = 0, let us see if it is possible for A = 0 directly from (5.3.9).
A = 0 only if d¢/dz = 0 for all z. Then, by integration, ¢ must be a constant
for all z. However, from the boundary conditions [either ¢(0) = 0 or ¢(L) = 0],
that constant must be zero. Thus, A = 0 only if ¢ = 0 everywhere. But if ¢ =0
everywhere, we do not call ¢ an eigenfunction. Thus, A = 0 is not an eigenvalue
in this case, and we have further concluded that A > 0; all the eigenvalues must
be positive. This is concluded without using solutions of the differential equation.
The known eigenvalues in this example, A, = (nm/L)%,n = 1,2,..., are clearly
consistent with the conclusions from the Rayleigh quotient. Other applications of
the Rayleigh quotient will appear in later sections.

A (5.3.9)
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